We consider the motion of a two-link flexible arm with nonuniform cross section. We obtain the equations of motion by using the extended Hamilton's principle. These equations consist of coupled partial differential equations and (nonlinear) ordinary differential equations with appropriate boundary conditions. Our control problem is to achieve the given desired link angles and suppress the link vibrations. To solve this problem, we propose a novel control scheme which consists of a dominant control law together with a parallel controller. We show that with the proposed controller, the control objectives are satisfied. Our stability analysis is based on the Lyapunov approach and LaSalle's invariance principle extended to infinite-dimensional systems. We also present some simulation results, which indicate that large parameter uncertainties such as tip and hub mass changes are also handled effectively by the proposed controller.
NOMENCLATURE
Coordinate along the axial center of ith beam (0 2 x i 2 l i ) 3 i 1x i 4 t2 Flexural deflection of point i at the location x i of ith beam 3 3 i 1x i 4 t2 Time rate of transverse movement of point i at the location x i , where a dot represents time derivative
INTRODUCTION
Two main advantages of flexible robot arms are less weight and low energy consumption. However, the structural modeling and the control design of the flexible arms are much more complicated due to nonlinear coupling between elastic and rigid modes during complex maneuvers, especially with high angular velocities. Various methods have been proposed for control of flexible-link manipulators in the literature. Hybrid control of a single flexiblelink manipulator using feedback linearization and a singular perturbation approach has been used in Vandegrift et al. (1994) . Adaptive feedback linearization has been applied successfully for a nonlinear discrete-time model of a single-link flexible manipulator1 see e.g. Rokui and Khorasani (1994) . Singular perturbation theory has also been used for position and force control in Siciliano et al. (2001) . Strain feedback and active vibration control, see e.g. Zhang et al. (2002) and Raab et al. (1998) , are other approaches. In order to improve the important features of flexible links such as low mass, low moments of inertia and high natural frequencies, optimal shape design can be used1 see e.g. Moallem et al. (2000) . Besides, the integrated structure control for nonuniform flexible links can be improved1 see e.g. Zhu et al. (2001) . Furthermore, a high fundamental frequency is desired, since it implies a large bandwidth that will allow for fast motion without causing serious vibration problems1 see e.g. Wang et al. (1992) . In this paper, inspired by the approaches given in Moallem et al. (2000) , Zhu et al. (2001) and Wang et al. (1992) , we consider the motion of a two-link flexible arm with variable cross section. We first present the equations of motion, which are obtained by using the extended Hamilton's principle. These equations are nonlinear and contain coupled PDEs and ODEs with appropriate boundary conditions. Our control objectives are, given arbitrary desired link angles, to find appropriate control laws for the torques applied to the motors in order to achieve the desired link angles as well as to suppress the link vibrations. We propose a novel control scheme which consists of a dominant controller augmented with a parallel controller. We show that the proposed controller achieves the control objectives. Our analysis is based on the Lyapunov approach applied to the original PDEs and LaSalle's invariance principle extended to infinite-dimensional systems. Hence, different from most of the control schemes proposed for multi-link flexible robots, see e.g. Wang et al. (2003, Ch. 2), we do not resort to modal truncation and similar methods to obtain a set of ODEs. It is well known that while the latter approach may lead to some stability and/or performance problems due to the neglected higher-order modes, our approach does not have such problems1 see e.g. Luo et al. (1999) .
The two-link flexible arm configuration which is considered in this paper is shown in Figure 1 . Referring to Figure 1 , the various symbols represent the following1 X 0 4 Y 0 : global inertial system of coordinates1 X 1 4 Y 1 : body-fixed system of coordinates attached to undeformed link 1, X 2 4 Y 2 : body-fixed system of coordinates attached to undeformed link 2, 7 1 4 7 2 : angular displacements of links 1 and 2, 3 1 4 3 2 : flexural displacements of links 1 and 2. This paper is organized as follows. In the next section we present the equations of motion for the system shown in Figure 1 . In Section 3, we present our controller and some calculations which show the stability of the closed-loop system. In Section 4, we present some simulation results and in Section 5 we give some concluding remarks. The rigorous stability results are given in the form of appendices to improve the readability of the paper.
ANALYTICAL MODEL
In this section, we derive the equations of motion for the system shown in Figure 1 by using the extended Hamilton's principle1 see e.g. Meirovitch (2001) . Our approach is based on Zhang's work for uniform links1 see e.g. Zhang (2001) and Zhang et al. (2002) . Since the ratio between the length of the beam and its thickness is sufficiently large as proposed in Meirovitch (2001) and Reddy (1993) , links can be modeled as Euler-Bernoulli beams, which can only be deformed in the flexural direction. The links are modeled in clamped-free configuration, since natural modes of the separated clamped-free links agree very well with actual ones compared to pinned-free configuration1 see e.g. Hastings et al. (1987) . Assuming that the manipulator moves in the horizontal plane, in the absence of gravity the potential energy depends only on the flexural deflections.
In order to derive the PDE model, we first derive the kinetic and potential energy expressions for the links and hubs1 see Appendix C. Note that the offsets O hi , O ti shown in Figure 1 will not be considered in the following development due to modern design techniques of DC motors. By using the extended Hamilton's principle, we obtain Remark 2.2. Since we have already neglected 3 1x , we have also omitted 8 3 ix in the final calculations. Note that such terms are also omitted in Zhang et al. (2005) .
CONTROLLER DESIGN
To control the system given by equations 2-10 we propose a novel control law, which consists of a dominant controller and a parallel controller to ensure the asymptotic stability of the closed-loop system. With this insight, our proposed controller has the following form: where K 0 is a proportional gain. Since the system 2-10 became decoupled and linear by the dominant part of the controller, additivity and homogeneity properties of linear systems can be applied for the closedloop system1 see Appendix A for necessary calculations. Thus, the effect of the control laws 5 12 4 5 22 should be considered independently from the effect of the dominant control laws.
In the sequel, we present some necessary calculations related to our stability analysis. Since the proof of the asymptotic stability of the closed-loop system requires some rigorous definitions and some lengthy calculations, the main part of the proof is given in Appendix B to improve the readability of the paper.
Our approach is based on the Lyapunov stability analysis. As in most mechanical structures, the total energy of the system shown in Figure 1 together with a correction term may be used as a Lyapunov function candidate. Such a function V , which will be used in the rest of the paper, is given below:
where T i , i 5 14 9 9 9 4 6, are the kinetic energy terms of links, tips and hubs for links 1 and 2. The total strain potential energy for both links is represented as V s 1 see Appendix C. After applying the dominant control laws to the system 2-10, see Appendix A, and after some lengthy but straightforward calculations, the total energy rate of the system is obtained as follows: 
By evaluating equation 3 at x 2 5 l 2 , using equation 8, and Appendix A, it follows that 5 e2 and 3 5 e2 satisfy the following inequalities:
where C e2 4 1 C e2 4 8 e2 4 1 8 e2 are some positive constants1 see also e.g. Baruh (1999, Section 11.4) and Hattori et al. (1997) 
where f i 1t2 are some exponentially decaying functions satisfying
for some positive constants C i 4 i , i 5 14 24 3. By using equations 3, 8 and 25, it follows that, similar to equation 24, the measured base torque 5 b2 also satisfies the following:
where C b2 4 1 C b2 4 8 b2 4 1 8 b2 are some positive constants1 see also the discussion after equation 23, Baruh (1999, Section 11.4) , Hattori et al. (1997) and Appendices A and B.
By using equations 4, 14, 16 and 18, and using Appendix A, we obtain
where g1t2 5 1 I h1 15 b2 7 5 e2 2. By using equations 24 and 27, it follows that g1t2 satisfies the following:
for some positive constants C g 4 1 C g 4 8 g 4 1 8 g . Then, by using equation 29 in equation 28, similar to equation 25, one can easily obtain the following:
Here, K is a positive constant given by
and 1 f i 1t2 are some exponentially decaying functions satisfying
for some positive constants 1 C i 4 1 i , i 5 14 24 34 41 see equation 26. By using equation 32 in equation 2, by utilizing the techniques presented in Appendix B (see e.g. equations 73 and 75), it can be shown that, similar to equations 24 and 27, we obtain the following inequalities for the measured base torques 5 b1 and 5 e1 :
Here, C e1 4 C b1 4 8 e1 4 8 b1 are some positive constants1 see also the discussion after equation 23, Baruh (1999, Section 11.4), Hattori et al. (1997) where M 0 is a constant depending on initial conditions. Moreover, from equation 37, it also follows that
We note that equation 39 shows that the solutions of the closed-loop system, if they exist, remain bounded, which can be used to prove the stability of the closed-loop system. On the other hand, equation 40 could be used to prove the asymptotic stability of the closedloop system, by employing LaSalle's invariance principle extended to infinite-dimensional systems. The proof of existence, uniqueness and asymptotic stability of the solutions for the closed-loop system requires some rather lengthy calculations, and is given in Appendix B to improve the readability of the paper.
SIMULATION RESULTS

PDE Model Case 1
The proposed control scheme is tested with the simulation program implemented in MAT-LAB. The PDEs are discretized in the space domain by the finite-difference method to obtain ODEs at each of the nodes. Then, the ODEs are solved numerically. Instead of dealing with the complexity of the fourth order derivative approximation, the second order derivative approximation has been used with the help of auxiliary states. Those states are more meaningful in a real problem as well, since they correspond to physical variables such as deflections, velocities and bending moments1 see e.g. Abhyankar et al. (1993) . However, the number of ODEs to solve and the computation time are increased as a trade-off of the robust stability of the numerical scheme. The parameters used in the model for the system 2-10 are listed in Table 11 see Remark 4.1. The simulation results for PDE case 2 are presented in Figures 2-7. 
PDE Model Case 2
In the second part of the simulations as PDE case 2, the proportional gain, K , in the parallel controller given by equation 18 has been increased from K 5 9 to K 5 21. To test the robustness to parameter changes, tip mass m t1 for link 1 and tip mass m t2 and hub mass m h2 for link 2 have been changed at the fifth second1 see Table 2 . The simulation results for PDE case 2 are presented in Figures 8-15 . The step changes in masses did not affect the performance of the controller very much, as can be seen from the simulation results.
We observe that tip deflections of links become smaller by increasing K , as time responses exhibit smoother transitions than the ones for the PDE case 1. Although the control setup in the previous section is given for links that can have any kind of variable cross section, in this particular simulation rectangular cross sections of given uniform thickness are used. For small values of tip mass and tip inertia moment relative to the ones for a beam, the optimum shape is approximately a linearly tapered beam1 see e.g. Wang et al. (1992) . Therefore, the height b i 1x2, density 6 i 1x2 and cross-sectional area moment I i 1x2 at any point can be calculated with the parameters given in Table 1, Comparing the time responses for the FEM case in Dogan and Istefanopulos (2007) with the simulation results for PDE cases, it is observed that the required control energy in the PDE cases is much less than the one in the FEM due to the exactness of the PDEs. Also, PDE responses are smoother than the ones in the FEM approach, and have no overshoot or no chattering for all states. However, the FEM approach may yield high performance for real-time controller implementation, and is known to be extendible to the multi-link case easily1 see e.g. Dogan and Istefanopulos (2007) and also Remark 2.1.
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Remark 4.1. Numerical setup, tapering and controller parameters are given in Dogan (2006) . Link geometry, mass and inertia parameters are given in Zhang's experimental work1 see e.g. Zhang et al. (2005) . We assumed that the links are aluminium alloy1 hence, the Young's modulus and densities are chosen accordingly1 see e.g. Hibbeler (2003) .
Remark 4.2. We first note that experimental results on multi-link flexible systems are quite few in the literature due to the very complex nature of both the theoretical analysis and practical problems1 notable exceptions are the works of Luo (1993) , in which a single link is used, and Zhang et al. (2005) , in which two links are used. The majority of the work on flexible structures which uses the PDE approach relies on numerical simulations for verification, as in our paper. We note that PDE approaches to model flexible structures are usually considered as better approximations to the physical nature of such systems as compared to ODE approaches1 see e.g. Meirovitch (2001), Wang et al. (2003) , Morgül (1991) and Guo (2002) . Moreover, numerical simulations for their verification can be considered as a natural approach due to their complexity. We note that accurate simulation of a nonlinear PDE is itself a very complex problem and there are various works in the literature which are devoted to this subject1 see e.g. Greenspan and Casulli (1988) and Chari and Salon (2000) . Also, note that all of the techniques for the simulation of nonlinear PDEs (e.g. the FEM) utilize an appropriate conversion of PDEs to nonlinear ODEs and to the simulation of these ODEs. However, choosing discretization time and space steps requires special attention since they play an important role in getting meaningful simulation results1 see e.g. Greenspan and Casulli (1988) , Chari and Salon (2000) and Abhyankar et al. (1993) . We also note that in this work we mainly consider nonuniform cross sections for the flexible links. Despite the fact that such links have some advantages over uniform links, they are seldom considered in the literature due to the resulting theoretical difficulties. One important reason to utilize a nonuniform flexible link is the fact that it increases the system bandwidth1 see e.g. Moallem et al. (2000) and Wang et al. (1992) . As a consequence, this may increase the system performance (e.g. it may result in a smaller settling time). The controller proposed in our work is, in our opinion, simpler in form than the ones proposed in similar works1 see e.g. Zhang et al. (2005) . Also, note that while at the ends of the links the strain feedback is used in the literature, see e.g. Zhang et al. (2005) , in addition to these terms we also utilize accelerations. In our opinion, such terms could be measured effectively with newly developed high-performance accelerometers. Finally, while the damping terms are introduced in most of the models considered in the literature, see e.g. Zhang et al. (2004) and Zhang et al. (2005) , such terms are not included in our model.
CONCLUSIONS
In this paper, we considered both the modeling and the control of a two-link flexible arm with variable cross section. The physical configuration which we considered is given in Figure 1 . For the modeling, we used the PDE approach which is known to yield more accurate results as compared to finite-dimensional, e.g. ODE or FEM, approaches. The basic equations of motion are obtained by using Hamilton's principle. Then, we designed a control law based on the Lyapunov approach and stability proofs are based on LaSalle's invariance principle extended to the infinite-dimensional case1 see e.g. Luo et al. (1999) . We note that, in the proof of our main stability result, the infinite dimensionality of the system considered in this paper has been retained as opposed to other energy-based approaches used for the multilink robot arms in the literature. In the majority of these latter works, a finite-dimensional ODE approximation of the original PDE is used and this approach is known to have many disadvantages1 see Remark 2.1. We also presented some simulation examples, which show the robustness of our method with respect to parameter variations.
The present work could be extended in various ways. One natural extension is to consider PDE modeling of a multi-link flexible arm case. However, such an extension by using the PDE approach might result in a highly complex set of equations. Robustness results could also be proven more rigorously. Also, adaptation of the proposed controller with respect to external unknown disturbances may be a possible extension. However, these points require and deserve further investigation.
where the main equations 2-5 are replaced with equations 45-48 and the new set of boundary conditions will be equations 49, 50 and 10. This new system 45-48, with very simple boundary conditions, is linear and decoupled, as shown above.
B. PROOF OF ASYMPTOTIC STABILITY
In order to initiate the stability analysis, equations 2-5 should be rewritten in the new variables as follows:
The system 2-5 can be decomposed to linear and nonlinear parts separately, see Morgül (1991) , such as
where A represents an infinite-dimensional linear operator and f represents a nonlinear operator. For the definitions, the notation and the terminology used in this section, the reader is referred to e.g. Luo et al. (1999 
Next, we define an inner product induced norm as
for i 5 14 2 and for all 13 i 4 g i 2 H i 1 see e.g. see e.g. Guo (2002 
